In a previous paper (J. Laskar, Nature 338, 237~238), the chaotic nature of the Solar System excluding Pluto was established by the numerical computation of the maximum Lyapunov exponent of its secular system over 200 myr. In the present paper an explanation is given for the exponential divergence of the orbits: it is due to the transition from libration to circulation of the critical argument of the secular resonance 2(g4 -gj) -(sd -SJ) related to the motions of perihelions and nodes of Earth and Mars. Another important secular resonance is identified: (gl -gs) -(sl -sz). Its critical argument stays in libration over 200 myr with a period of about 10 myr and amplitudes from 85 to 135". The main features of the solutions of the inner planets are now identified when taking these resonances into account. Estimates of the size of the chaotic regions are determined by a new numerical method using the evolution with time of the fundamental frequencies. The chaotic regions in the inner Solar System are large and correspond to variations of about 0.2 arcseclyear in the fundamental frequencies. The chaotic nature of the inner Solar System can thus be considered as robust against small variations in the initial conditions or in the model. The chaotic regions related to the outer planet frequencies are very thin except for those of g6 which present variations sufficiently large to be significant over the age of the Solar System. o 1990 Academic PIW, IIIC.
INTRODUCTION
In the last few years, our vision of the dynamics of the Solar System has notably changed and the picture of the planets moving around the Sun in a regular quasi-periodic motion has suffered many outrages. In particular, Sussman and Wisdom (1988) have shown by direct numerical integration of the outer planets over nearly 10y years with the Digital Orrery that the motion of Pluto presents a positive Lyapounov exponent of l/20 myr'. On the other hand, in a recent paper (Laskar 1989a) , 1 established the chaotic nature of the solutions of the secular system for the Solar System excluding Pluto (the mass of Pluto is only Ii 130,000,000 of the Solar mass) with a maximum Lyapunov exponent reaching the value of l/5 myr I.
From a rapid analysis of the resonances in the secular system, it was possible to forecast that this high value of the Lyapunov exponent was mainly due to the existence of secular resonances among the inner planets, but this needed more explanation. One of the major questions, faced with the appearance of chaos in the Solar System, was to know where this chaos comes from, and what the sizes of the chaotic zones are. Do very small changes in the initial conditions or in the approximation modify the behavior of the solutions from chaotic to quasi-periodic, or do we stay in a large chaotic zone? I believe that I give here the answer to some of these questions. In the first part (Sections 2-5), I describe further the construction of the secular system and the accuracy of this system. In particular, 1 use a little trick to improve the length of validity of the solution of the outer planets which becomes very close to the results of direct numerical integrations. In the second part (Sections 6-8), I describe the secular resonances which are present in the secular system and analyze their effects on the appearance of the chaos. In the last section (Section 9), I give a new method for a numerical estimation of the size of the chaotic zones, based on the variation with time of the main frequencies of the system. This analysis confirms that the chaos comes mainly from the inner Solar System and in particular from the resonance 2(g3 -g4) -(s3 -sq) between Mars and Earth. The method used for the analysis of the size of the chaotic zones is well suited for the dynamical system of many degrees of freedom when the classical surface of section method is no longer possible. It can be used only when the chaos is not too large (i.e., when the Lyapunov exponent is small with respect to the main frequencies of the system).
THE LAGRANGE EQUATIONS AND THE SECULAR SYSTEM
The construction and integration of the secular system for the eight major planets of the Solar System were described in Laskar (1984 Laskar ( , 1985 Laskar ( , 1986 Laskar ( , 1988 . Its construction is based on the earlier works of Brumberg (1970) , Brumberg and Chapront (1973 ) Abu El Ata and Chapront (1974 ), and Duriez (1977 , 1979 . The main improvement with respect to these previous works consists in the extension to the eight main planets of the Solar System and special dedicated techniques for the manipulation of the series (Laskar 1985) , which allowed an extensive computation of the secular system of order 2 with respect to the masses, up to degree 5 in eccentricities and inclinations.
The disturbing function is developed in noncanonical heliocentric coordinates (Abu El Ata and Chapront 1974) with the notations: a, semimajor axis; e, eccentricity; i, inclination; R, longitude of the ascending node; a, longitude of perihelion; n, mean motion; X, mean longitude; N, mean mean motion; p, deviation from the mean mean motion, defined by n = N(I + p); q, defined by A = Nt -mq; z = e expflw; 4 = sin(i/2) exp6iR; g;, si, fundamental frequencies of the secular system.
(
If we gather the variables pi, qi , z; , Zi, <i, ii (i = 1, 8) in a unique vector V, the Lagrange equations giving the variations of the elliptical elements of the planets can be written in the condensed form dV -= h(V, t). dt
The right member can be expanded in Fourier series with generic term of the form T = Cp7'~~~~7'z1"~l'pj""~~5j""zJ'~j"l~ X eXp(kiqi + kjqj + V'T(kiN; + kjNj)t)y
where C is a numerical coefficient depending only on the masses of the planets, and ki, kj, nl, n2, . . . , nlo are integers. In order to integrate this system, we can split V into a secular part V. and a short period part AV(V0, t), which is supposed to be small compared to the secular part. where (x) is the average value of respect to the time t, and AV(V,,, short period solution given by (6) x with t) is a
The solutions of Eqs. (6) and (7) are then obtained order by order with respect to the masses (Duriez 1977 , 1979 , Laskar 1984 , 1985 . At the second order with respect to the masses, we obtain the secular system of order 2 ~ = (A(V", t,) dt where A, V( V,,, t) is a short period solution of order I, that is a solution of Poisson has shown that there are no secular variation up to the second order in the semimajor axes at the second order with respect to the masses. (It is no longer the case at third order as is shown by the studies of Simon and Francou (I 98 1) and Milani et ul. (1987) ). In the secular system of second order (Eq. (5)), the semimajor axes are therefore constants; that is, the secular part of the variables pi is constant up to order 2 with respect to the masses. The secular system (Eq. (8)) has thus only (!!) 16 degrees of freedom (the phase space is of dimension 8 x 4 = 32). It has a polynomial form and can be written in the form with a = kl, . . 1 2. 51, . . , ix) 1 i: = e expmm 1 5 = sin(ii2) exp2/-1112'
A is a real matrix with constant coefficients; &(cY, G) gathers the terms of degree 3 and Q5(~, Ly) the terms of degree 5 in the variables (z,, . . . , zx, <,, . . . , &). Of course, we are not here in the nice Hamiltonian formalism which people like to see today and which can be applied using the canonical heliocentric coordinates of Poincare in the planetary case (Laskar 1989b) . This implies some complications in the formulation of the equations, but these options were taken in order to make a more easy comparison with previous works and allow one to take directly the initial conditions given in Bretagnon (1982) . Up to order 2 with respect to the masses, this does not change much in the computations, and let us remember the words of Poincard (1893, p. 37): ' 'Lcs Pquations 012 s'introduisrnt 1r.s crochets de Lagrange prrnnent ainsi une f&me en upparenw plus cwmpliqu&. Mais cctte d~fftkencc n'u rien d'es-.sentirl. "
PROPER MODES OF THE SECULAR SYSTEM
We are in the planetary case. The eccentricities and inclinations are always supposed to be small. The terms of degree 3 and 5 are thus small in a first approximation and the differential system is close to its linear part which is integrable. In the same way as in the resolution of linear differential systems, the first thing to do is to diagonalize the linear part of Eq. (10). Let S be the matrix of the eigenvectors of A and C the diagonal matrix of its eigenvalues (c;). We can diagonalize the system (Eq. With analogy to the elliptical elements, the new variables /I will be denoted P = (ZT, . . . , zx*, G, . . . ,5x*) 1 Z * = e" expCim* = <* = sin(i*/2) expflS1"'
As in the linear case, the variables pi will be called the proper modes of the secular system. This terminology was introduced in the case of the secular system by Laskar (1987) in order to analyze the effects of the resonances in the Solar System. It is important to note that due to the coupling between the planets, the secular motions of the planets are not, in first approximation, independent uniform rotations of the perihelion and nodes, but rotations of the proper modes.
BIRKHOFF NORMALIZATION OF THE SECULAR SYSTEM
The formal resolution of the complete system (Eq. (13)) was made by Poincare, or more explicitly in Birkhoff (1927) . An exposition of this method adapted to the present case can be found in Brumberg (1980) . One searches for a change of variables close to the identify
which transforms the differential system (Eq. (10)) into a new system gathering only the resonant terms
where F( U, r/) denotes the resonant terms, that is for the equation i (nii) denotes the multi-index (n,, n2, . . . , The denominator is not zero because we
iIih) The coefficients q"' ,,w , have excluded the resonant terms, but it are real numbers and the x* denotes the sum over the reasonant terms, that is, nj = Zj + 6ij for (j = 1, 16 
The moduli lujl are constant along the orbits of Eq. (16). The linear system with constant coefficients (Eq. (18)) is thus a linear approximation of the solution of Eq. (16) in the vicinity of the given initial conditions. The solutions (Eq. (20)) of Eq. (18) can thus be referred to as the proper modes of the solution of the secular system C?J with given initial conditions u;(O), in contrast with pi which are the proper modes of the secular system CS itself. Unfortunately, Birkhoff's normalization method is only valid formally. If the differential system (Eq. (13)) is not integrable, which is the general case, it is not possible to transform this system into an integrable system (Eq. (16)) by an analytical change of variables (Eq. (15) ). The expression (15) is a formal series which is divergent, in general. It is nevertheless possible to obtain in this way a good approximation of the solution valid over a limited time, if the first terms of Eq. (15) converge rupidly enough. Practically, the development of Eq. (15) is truncated at the same degree as the secular system (Eq. (10)). In the first approximation of degree 3, for example, the coefficient of a monomial U'""' is given by ri$) = qy$j/(,$ (nj -Ej)Cj -Ci). (21) can become very small. We call it a small divisor. The presence of these small divisors in the expansions of I( U, U) prevents the convergence of this formal series. The earlier these small divisors will appear and the larger their number in the expansions, the less the expansion (Eq. (15)) will approximate the true solution of the differential system (Eq. (13)). Practically, there is no method to know in advance if the small divisors will prevent the construction of a solution of sufficient accuracy. Only the computation itself and the comparison with numerical integrations or with analytical or semianalytical solutions of higher order can allow one to evaluate the precision of the computations. From one planetary system to an other, the small divisors can behave in very different manners.
During the construction of an analytical solution for the Solar System, one needs to distinguish between two very different steps. The first one is the averaging of the short periods which leads to the construction of the differential secular system (Eq. (IO)). The second one is the integration of this system, for example, with Birkhoff normalization. It is important to distinguish between these two steps since the small divisors which appear in the two steps are different. In the first step, they are combinations of the eight mean mean motions, and in the second step they are combinations of the 16 secular frequencies g;, si (i = I, 8) of the system (Eq. (IO)). In fact only IS frequencies are present since, due to the degeneracy of the system, ss = 0. In Laskar (1984) , I realized that the analytical averaging of second order which leads to the construction of the secular system behaves much better than the Birkhoff normalization of this system, due to numerous small divisors present in the secular system. For this reason, the Birkhoff normalization of the secular system was abandoned and replaced by a numerical integration of the secular system for which small divisors are not an immediate problem.
ACCURACYOFTHESECULARSYSTEM
The secular system of order 2 (Eq. (IO)) was obtained in an extensive manner up to the degree 5 in eccentricity and inclination. It contains about 150,000 polynomial terms. The secular effects of general relativity and the Moon represent a few terms which are then added to the secular system (Laskar 1985 (Laskar , 1986 ). The difficult question is then to evaluate the precision of this secular system ~5 (Laskar 1986). The secular system $ is derived in the same variables as the semianalytical theory VSOP82 (Bretagnon 1982) . In VSOP82, the secular terms are expanded in polynomial of the time 1. VSOP82 is developed up to order 3 with respect to the masses for the inner planets, and even more by an iterative way for the outer planets. it has also been compared with ephemerides resulting from direct numerical integrations of the planets (DE200 and DE102) (Newhall rt cl/. 1983). The expansion in power of I of the secular terms of VSOP82 can thus be used as a reference in order to check the accuracy of the secular system cS. In this expansion, the coefficient of t is obtained with a precision of order 3 (at least) with respect to the masses, the coefficient of t? at order 2 and the coefficient of t3 at order I. Moreover, as VSOP82 is semianalytical, there is no truncation in the powers of eccentricity and inclination. The similar polynomial expansions are obtained for the solutions of C* by direct numerical integration of $7 with the initial conditions of VSOP82. Basically, the only comparison we can make is the comparison of the derivatives of the secular terms at the origin, which reflect the behavior of the solutions over the first few thousand years. The comparison of the coefficient oft in the two solutions is then an estimate of the precision of the secular system '5 at the origin. This estimate is given in If we assume that the secular solution is limited to a single circular term z = A exp icr, we have z ' = icA. If we assume that all the uncertainty comes from the frequency c, the relative measure 6~' is thus a measure of the error in _the frequency c of the differential system A. From Table I we can see that the relative precision of the system for the inner planets is very good and is about 1 to 2 x 10m4 for the inner planets, while it reaches nearly lop2 for the variable z of Saturn. This is not surprising. The 1% error in the solution of Saturn comes from the third order with respect to the masses which has been neglected. This lead to a fundamental frequency of 29.96 arcsec/ year for the frequency gh while an adjustment by least squares with VSOP82 leads to 28.23 arcsec/year (Laskar 1988), according to the results of long term numerical integrations of Applegate et al. (1986 ) or Carpino et al. (1987 .
In Laskar (1988) , I made an adjustment Of the frequency g6 after the integration Of the secular system 5; this may give a good value for g6 but does not give the effect of this change of frequency on the whole solution. In order to obtain a more reliable solution for the outer planets over 100 myr, I did the same thing here in a slightly different manner. The solution for the outer planets (Laskar 1988) is mostly contained in the leading terms which give a quasi-periodic representation of the solution over 100 myr. A small change in the initial conditions will only be reflected in a small change of the frequencies but will not lead to any strong resonance which can destroy the macroscopic aspect of the solution (this is not the case for the inner planets). We can thus adjust slightly the differential system 3 in order to force the values of the frequencies of the outer planet's solutions. Of course, this should be done with great care.
The change on the secular system is made only on the outer planets part. Moreover, it should correspond to the change of frequencies expected from the contribution of the third order with respect to the masses. The change will then be made in the diagonalized system (Eq. (13)). This change is obtained by least-squares adjustment with the coefficients of t from VSOP82 which gives 32 data for the whole system (in eccentricity and inclination). I kept only the changes which were very stable under a change of the set of "observations" on which the diagonal terms were fitted. Finally, I modify only three diagonal terms of C in Eq. (13) which correspond to a change of 0.26 arcsec/year in gg, 0.02 arcseciyear in g7, and -0.02 arcseclyear in s7. These changes are made in the matrix C of Eq. (13) and transmitted to A by applying the 4 x 4 matrix S4 formed by the part of S concerning only the outer planets. (I do not touch on the inner planet equations.) The comparison with VSOP82 can be made again and leads to the second part of Table  I , after the modification.
We can see that we have an improvement for the outer planets by more than a factor 10 in eccentricity (variable z). This will thus allow us to obtain a frequency g6 with a precision of about 0.02 arcsec/year. This will be more than sufficient to obtain a good orbit for the outer planets over 100 myr. (I do not pretend here to obtain an ephemeris of the outer planets over 100 myr, and I am interested essentially here in a good modeling of the effect of the outer planets on the inner planets.)
Another check of the accuracy of the new solutions for the outer planets will be obtained by direct comparison of the solutions as described in the next section. (Fig. I ). This implies that it is not possible to give a quasi-periodic solution for the whole Solar System over 100 myr. Nevertheless, it is possible to derive by special Fourier analysis a quasi-periodic approximation of the solution over 20 myr. This was made in Laskar (1988) for 10 myr in the past and in the future with the noncorrected system a. Here I will not try to obtain a very precise representation of the solutions in quasi-periodic form, but 1 will only search for the first 20 leading terms of the solutions. The Fourier analysis used here is nearly the same as in Laskar (1988); it will be called MFT (modified Fourier transform) from now on and is briefly described below.
Let us assume that we have the tabulated values of a quasi-periodic function a(t) = c,zt Air v'-iy~r (where Aj are complex amplitudes) over a time span [O, r/l] . The problem is to make the reconstruction of the function a(t) on a quasi-periodic form, knowing only the tabulated values of the function. The stepsize of the table of values of cr(t) is supposed to be much smaller than the smallest period of the function, so that we do not have here any problem of aliasing. The first thing one can do is a FFT (fast Fourier transform) of the function cu(t) which gives the projection G;(f) = c& A .eti IjZrrr" of the function a(t) on the vector space generated by the functions (h,(t) = c~~-"'~"~)~: I,N which are orthogonal for the usual scalar product It gives a quasi-periodic representation of a(t), but this representation can be very different from the original one. In particular, the determination of the main frequencies yj is only made with a precision of r)o = 257/ T which is not always sufficient here (it corresponds to a precision of about 0.05 arc-set/year for T = 20 myr). The MFT analysis will make the orthogonal projection of the function a(t) on the vector space generated by a nonorthogonal basis of function (ei(t) = expfl(vit))i=I,N where the values of the frequencies (vi, i = 1, N) are to be determined step by step. This will give a quasi-periodic approximation of the function much closer to the original one. The description of the first two steps is sufficient to understand the process:
I first make a FFT of the solution a(f) and search for the term of maximum amplitude in the FFT. Around this term, I search for the value of the frequency u1 which gives the maximum of the power spectrum C/J(U) = I,: a(t) expV7(-vt)dr.
( 22) This fine tuning of the frequency is made with a given precision of 0.000001 arcsec/ year for the outer planets and 0.00001 arcset/year for the inner planets where the determination is more difficult. This determination of the frequency is critical in this problem, and I improved the method by using a Hanning filter (Blackman and Tukey 1958) in the determination of the frequency in order to reduce the disturbing effect of the other terms (experiment shows a typical improvement by a factor 10 using this method). Once the frequency is found, the power spectrum gives the amplitude of the first term which is then substracted from the solution. The process is started again to search for the following frequency ~2. The computation of the amplitude of the different terms in the MFT analysis is more difficult than in the regular Fourier analysis since the functions e;(t) = expm (vit) are not orthogonal. On the second step, we thus have to orthogonalize our functions by the Gauss algorithm, compute the amplitude of each computing the inner products basis of and then term by (23) where the ($(f))i=1,2 are the functions of the orthogonal basis derived from the functions (ei(t));=,.2 (the A(t) are linear combinations of the ei(t)). We thus obtain the decomposition of the orthogonal projection of the solution on the orthogonal basis (&(t))i=l,z which gives the decomposition on the nonorthogonal basis (ei(t) = expel (Yit))i=I,I. The process is then repeated. It is important to notice that in each step the amplitudes of the terms previously determined are modified, but no changes are made in the frequencies.
In this process, I also use a termination test. If T is the length of the time interval of data, the fundamental frequency of the FFT is q. = 27~lT. This is also the width of the peak in the periodogram of the unfiltered MFT. Using the Hanning filter, this width is widened to 2~~. Therefore, the identification of the frequencies is stopped if the value of the new determined frequency is within 1 .5qo of any of the previously determined frequencies. This explains why solutions are sometimes given with fewer terms than others, when the termination test was reached before the end of the analysis. This does not affect very much the present results as we are here principally interested in the determination of the fundamental frequencies.
Actually, during all of the present analysis, I considered only the first 20 leading terms of the solutions. In order to check the accuracy of the determination of the frequencies, a new solution was constructed out of the results of the MFT and analyzed in the same way again. An offset in the initial conditions is made before doing this new analysis in order to prevent any spurious effect. In Tables II and III, I give the solutions for the variables zi and 5; of the eight planets including only the 10 first terms although 20 terms were computed each time in the solution and in the test solution (for a more complete solution, refer to Laskar, 1988) .
The identification of a term as a combination of the fundamental frequencies gi and si ments 0 and o will be discussed in Section 8. In the second columns of Tables II and  III are the values of the frequency as determined by the MFT, and in the next two columns the values of the amplitude and phase (in degrees) of the term. We have seen already that the modification to the secular system of the outer planets, adopted in order to take into account partially the contribution of the third order, improved the values of the derivatives at the origin (Table I) . Here, we can directly compare the solutions with the output of the numerical integrations from Applegate st al. (1986 ), Carpino et al. (1987 ), or Nobili et ul. (1989 . The solutions from the present integrations of the modified system (denoted by La90) are now even closer to the results of the numerical integrations of the outer planets, compared to the same quantities from Laskar (1988). (These previous solutions are denoted La88.) As an example, in Table IV 1 give the comparison of the semianalytical solutions La88 and La90 of Jupiter with the corresponding solutions obtained by numerical integration. We can observe that due to the change of the frequency g6, the amplitude of the terms of argument 2~~ -g5 + sh -~7, g5 -s6 + s7, g5 -g6 + s7, and -x5 + gh + s6 are now very close to the corresponding terms of CMN, ADGSW, or NMC, according to what was forecasted in Laskar (1988) . This gives one more check of the accuracy of the secular system h and of the correction which was made. The same kind of comparison can be made on the solution of the other outer planets.
ANALYSIS OF THE PROPER MODES
In the following, we will be interested only in the determination of the fundamental frequencies of the system. I present here a simple method of further improving the determination of these frequencies.
The proper modes (Eq. (12)) are coordinates which are more suitable for the analysis of the solutions. In the case of a linear system, after transformation in polar symplectic coordinates, they are action angle variables; that is, the actions are constant and the angles linear functions of the time. In the case of a perturbed system, they are close to that. We will observe a leading periodic term of frequency gi or si given mostly by the linear part C of Eq. (13) and smaller terms due to the nonlinear parts v3 and v5 of Eq. (13). These terms are usually much smaller than the principal terms. If we make the linear transformation to proper modes before the Fourier analysis, we have a main frequency which is isolated, and thus not possibly corrupted by the other main frequencies. This should improve the determination of the main frequencies although the spectral lines coming from the nonlinear part of Eq. ( 13) are still present.
In fact, the determination of the proper modes is rather loose. The only thing to find is a linear change of variables (Eq. (12)) which will produce variables closer to action angles variables (in case of an integrable system). This matrix can be chosen as the matrix of the eigenvectors of A (Eq. (lo)), but due to the resonant terms of Eq. (IO), the linear part of the solution will be somewhat different from A (Eq. (20)). We will thus prefer to use the proper modes of the solution rather than the proper modes of the secular system as a linear approxima- Note. This matrix is the linear part of the solution, completed with some terms coming from Laskar (1988, 1984) . tion of the considered solution. Besides, tually used in Laskar (1987) and to the the MFT analysis of the solution of Eq. (10) choice adopted by Nobili et al. (1989) . The obtained by numerical integration gives us main difference in these previous studies is directly the main terms of this matrix. We that here we have normalized these proper have modes for practical reasons. a = Sn + . . . .
tii = exp i(vit + +i) with vi and 4; being the fundamental frequencies and phases of the solution. s is the real matrix of the amplitudes.
In a similar way as with the proper modes p (Eq. (14)), we will denote the normalized proper modes with the corresponding names of the variables: The new coordinates, will thus be defined as { Z; with = Zbi exp* 4' = (bi expfl (26) u' = S-la (25) In the remainder of the paper, we will call these variables the normalized proper modes. It should be noted that their amplitude is close to 1 (it is not exactly equal to 1 due to the presence of the nonlinear terms). The matrix 3 is fixed in all the further analyses and is given in Table V. For the inner planets, the MFT does not give the amplitude of the terms which are two small, especially in the present case where we look for only the first 20 terms, Therefore, the matrix 3 is completed with the corresponding terms obtained in Laskar (1988) , and for the smaller terms in Laskar (1984 , Table  24 ). This is similar to what was already acThe normalized proper modes U; are then analyzed with the MFT and the results over 20 myr are given in Tables VI and VII. Like  in Tables II and III , only the first 10 leading terms are given. These tables reflect the nonlinear character of the solutions. For a linear system, there would be only one periodic term for each proper mode. For the outer planets, the leading term is nearly equal to 1 and all the other terms are very small compared with the first one and decrease rapidly. We are nearly in action angle variables. In the inner planet solutions, the amplitudes of the main term are also very close to 1 (this is the effect of the normalization of the proper modes), but the ously, the solutions containing the first 20 terms are reconstructed and analyzed again with the MFT, after an offset of a few million years. The comparison with the solution gives the precision of the MFT. This precision is always very good, and is summarized for the main frequencies of the system in Table VIII with the values of these frequencies obtained over 20 myr. We can see that these frequencies are very well de- termined. In the cases of gs, ghr s5. .sh, the precision reaches the limit of 0.000001 arcset/year which was asked in the MFT. The frequencies are determined by the MFT much more accurately than with a mere FFT. (The resolution in frequency of the FFT is given by the length of the data. In the case of our analysis over 20 myr of data. it would be only 0.05 arcsec/year.) In fact, 1 will show in Section 9 that the fundamental frequencies are slowly changing with time. so it is not possible to determine them in the usual sense. What I determine here is an auc~u~e frequency over the given time span and the precisions Sv given in Table VIII are the evaluations of the precisions of these determinations using the MFT. It should be noted that for the outer planets these frequencies are very close to those given by Applegate et ~1. (1986) and Carpino ef al. (1987) : maximum discrepancies are of about 0.01 arcseciyear. Differences with Nobili et al. (1989) reach 0.02 arcseci year, but in their modeling of the inner planets, they introduce a moving plane related to the angular momentum of the system with frequency -0.01 arcseclyear, and the results are thus more difficult to compare.
THE SECULAR RESONANCES IN THE SOLAR SYSTEM
In Laskar (1987, l988) , the existence of secular resonances in the inner Solar System was detected but there were still several features in the solutions which were not completely identified. One very important resonance is 2(&'4 -$3) -(s4 -9). (27) In the previous papers (Laskar 1987 (Laskar , 1988 , this resonance was analyzed over 30 myr and was found to be a libration. This resonance was a good candidate as an explanation for the appearance of chaotic motion in the Solar System. I investigated the evolution of the corresponding normalized proper modes zb'T;'i& whose argument is (28) 2(a:, -wa;, -(Q:, -cl;). (29) The variation of (29) over nearly 200 myr is given in Fig. 2 , and the variations of Eq. (28) in the complex plane is given in Fig. 3 for a selection of sections of 10 myr (the full interval was split in order to make the figures more intelligible). In these figures, we can see in a very apparent manner that after 30 myr, there is a first transition from libration around 0" to circulation. We then have other transitions to libration around O", circulation, and also libration around IgO", and so on.
It has been shown (see Chirikov (1979) for a thorough review) that the motion near a resonance is in general like the motion of a pendulum with libration, separatrix, and rotation motion. Under a perturbation, the separatrix splits and gives rise to a stochastic region. The motion in this region which is close to the separatrix is extremely unsta- For clarity of the figure, the evolution of this argument is followed from 27r to -897. We can observe very distinctly the transitions of this argument from libration to circulation. At the beginning the argument is in libration around 0". The first transition occurs after about 20 myr and then we have successive libration around O", circulation, and libration around 180". ble since it can wander from hbration to circulation and thus give rise to exponential divergence of nearby orbits and positive Lyapunov exponents. The resonant argument (Eq. (29)) is therefore most probably at the origin of the exponential divergence of nearby orbits in the solutions of the secular system S.
Besides, if we just consider the first 20 myr of the study of the previous sections, the argument stays in libration. The frequency of libration of Eq. (28) becomes a new fundamental frequency of the system. The period of the libration can be measured on the plot and appears to be of about 4.6 myr which corresponds very closely to the value of the frequency 8 = 0.28 arcsec/yr which I was obliged to introduce in Tables  II and III and VI and VII in order to properly identify the arguments of the frequencies given by the MFT. This is what happens when we have a resonance (or more precisely a libration): one of the fundamental frequencies becomes a combination of the other frequencies, and the libration frequency is the new corresponding independent frequency. In the present case, we have even something more: the frequency of libration 0 is itself in resonance with g4 -g3 (20 = g4 -g3). With these relations, we can identify properly nearly all the leading terms of the solutions of Mars and the Earth (Tables II and III) .
The previous resonance was identified quite early, but there was still a problem with the very leading terms of the solutions of Mercury and Venus. After investigation, I found another candidate for resonance which is the argument (73; -QJ;) -(Cl; -a;), cm-y, Venus, and Jupiter. In Laskar (1984) , when 1 integrated analytically the secular system (Eq. (lo)), I already found that this combination leads to a small divisor and increases the amplitude of one of the leading terms in the solutions of Mercury and Venus. As previously, we can plot the evolution of this argument (Eq. (30)) over 200 myr (Fig. 4) or the combination (Eq. (31)) on selected sections of 20 myr (Fig. 5 ). This argument is truly in resonance. We have a libration of the argument (Eq. (30)) around 180" with an amplitude of about 135" in the first 60 myr and down to about 80" after. We do not observe here any transition from libration to circulation. The period of libration can be obtained easily directly on the plot (one could also make a MFT of the plot) and is found to be of about 10 myr which corresponds very closely to the unidentified frequency o = 0.12 arcseclyear of Tables II and III and VI and VII. This second secular resonance in the Solar System allows us now to identify all the leading terms of the solutions of Mercurcy and Venus. Due to the librations, these terms are not combinations of the fundamental frequencies as given in Table VIII , but they are combinations of the two librations frequencies 0 and u. In the outer planet solutions, I also found the resonance T This argument of the proper modes stays in libration around 180" during the entire time span with a very large amplitude at the beginning reaching 135" and then a smaller amplitude about 85". Nearly -40 myr we can observe a very sharp feature which is not significant but corresponds to a passage around the origin due to some other periodic term (Fig. 5b) (we must not forget that we are in a dynamical system with 15 degrees of freedom).
2(g5 -g7) -(sg -s7) = 0.005 arcsec/year (33) which was already reported by Nobili et al. (1989) . Although the present value of this argument is much closer to zero than in Nobili et al. (1989) (they found about 0.04 arcset/year due to slight changes in the values of the frequencies), the corresponding argument of the proper modes 2(m; -a;> -(0; -0;)
is circulating over 200 myr with the same frequency (Eq. (33)) (Fig. 6 ) according to the results of Nobili et al. (1989) . This resonance does not introduce any new frequency in the solutions, but it prevents one from distinguishing between the two arguments g5 -g7 + s7 and g7 -g5 + ss or 2g5 -sg and 2g7 -s7 in the MFT of the solution over 20 myr of 5, and 5s (Table VI and VII) . All these resonances are summarized on Table IX . From this analysis, we can conclude that in the Solar System, we have two very important secular resonances 8 (Eq.
(27)) which essentially involve Mars and the Earth, and u (Eq. (31)) among Mercury, Venus, and Jupiter (or more precisely the coupled Jupiter-Saturn).
These two resonances completely change the aspect of the long term evolution of the Solar System as it was given in Brouwer and Van Woerkom (1950 ) or Bretagnon (1974 . Even more, the secular resonance 8 between Mars and Earth is undoubtedly responsible for the appearance of chaotic motion in the inner Solar System and explains the Lyapounov exponent of l/(5 myr) obtained in Laskar (1989a).
THE EVOLUTION OF THE MAIN FREQUENCIES:
A MEASURE OF THE CHAOS
In the previous sections, I described the secular resonances which were responsible for the appearance of the chaos in the solutions of the secular system 3. In this section, I present a new method for the numerical determination of the size of the chaotic zones, on the basis of the analysis of the evolution of the main frequencies of a system with time.
In the case of an integrable system with n degrees of freedom, after reduction to action angle variables (Jj, 0,j), the Hamiltonian depends only on the actions Jr, on the results. The results are displayed in Fig. 8 for all the fundamental frequencies and summarized in Table X . Each determination of the frequencies is given with an error bar corresponding to the accuracy of the determination of this frequency. When this bar does not appear, it just mean that it is too small to be visible on the figures. The results are quite spectacular and reflect, I believe, a proper representation of the behavior of the Solar System. We can see that the variations of the frequencies for the inner planets are very large, as much as 0.2 arcsec/year for the frequencies g3, g4, and s2 related to the perihelion of the Earth and Mars and to the node and inclination of Venus. (Let me remind you that 0.1 arcsec/ year corresponds to about one full rotation every 10 myr.) This is compatible with a Lyapounov exponent of l/5 myr-' and explains in another way why it is not possible to obtain a quasi-periodic representation of the solution over 100 myr. The variations of the frequencies gl, sI, s3, s4 are also large, although not as important. These results show that the chaotic zones in the inner Solar System are sufficiently large to induce macroscopic effects over even 100 myr, especially if we consider that here we can only give lower estimates. Moreover, a small change in the initial conditions, or a small additional perturbation will not be sufficient to remove the system from its chaotic zone and thus we can believe that the chaotic nature of the inner Solar System is robust against some small changes in the model.
On the contary, the frequencies of the outer planets are nearly constant. Apart from g6 which shows an evolution which is significiant over 1 byr, the other frequencies g5, g7, gs, sg, s7, sx could be nearly considered as integrals of the motion over 5 byr. There should still be some chaotic zones around these frequencies (at least because the outer planet system is coupled with the inner planet system which is chaotic), but the width of the zones is narrow. If we look at the results of numerical integration of the outer planets over 200 myr of the LONGSTOP team (Nobili et al. 1989) , we can see that their solutions present a cluster of lines around gg. This tends to indicate that the chaotic zone around gg, although much smaller than that in the inner planets case, should also come from intrinsic stochasticity of the outer planets themselves.
In the first column of Table X , the values v. of the linear part of the differential system are also given. These values correspond to the values of the frequencies when the values of the action like variables are zero. The size of the chaotic zone in each direction 2, should thus be compared to the distance V -uo. For the inner planets, these two quantities are comparable, while for the outer planets, Z,l(5 -vo) varies from about l/500 to l/8000. If one thinks of a usual plot of surface of a section of about 10 cm in width, the zone around g6 will look like a very thin line 0.01 mm wide, which is much smaller than what any plotter device can draw. On the contrary, in the direction of the inner planet frequencies, the chaotic zone will fill a large area of the plot: most of the KAM invariant tori are destroyed. IO. DISCUSSION After the detection of chaotic motion in the inner Solar System (Laskar 1989a), it was very important to locate the mechanism which was responsible for this chaotic motion. The answer to this question is given here. The appearance of chaos in the inner Solar System is due to the transition from libration to circulation of the resonant argument 8 (Table IX) involving the proper modes related to the Earth and Mars. This argument is present in the very leading terms of the solutions of Mars and the Earth (Tables II and III) which explains why its effect is so important. We also have a very important resonance u among the proper modes of Mercury, Venus, and Jupiter. This resonance is also present in the leading terms of the solutions of Mercury and Venus, but stays in hbrdtion and thus does not seem to induce exponential divergence of nearly orbits, although the change in the amplitude of the libration suggests that we are also in a chaotic zone and that transition to circulation could occur in a longer span of time.
Another important problem was to evaluate the size of the region of the phase space where the chaotic motion takes place. I introduce here a method which I believe is new for the determination of a numerical lower estimate of the chaotic zone of a weakly chaotic system by the MFT analysis of the evolution the fundamental frequencies of the system over the time. In the present case, this shows that for the frequencies g3, g4, s3, s4 related to the Earth and Mars, we have a very large variation of the frequencies, which means a very large chaotic zone. This implies that a small change of initial conditions will not move the system solution outside from this zone. This is thus a very strong indication that the appearance of chaos in the inner Solar Systern is robuts against a small change of initial conditions or perturbations.
On the contrary, the frequencies related to the outer planets show very small variations over 200 myr. The outer planet solution is thus close to a quasi-periodic motion over 200 myr. Nevertheless, the variation of K6 is significant over 1 billion byr, and there is still the possibility of intrinsic chaos in the outer planet system over 5 byr, but the chaotic zone will be thin.
The large variations in the fundamental frequencies of the inner Solar System in the course of its history implies a new vision in the study of several long term phenomena in the history of the Solar System. Among them is the long term evolution of the precession and obliquity of the Earth and Mars and the possibility of secular spin-orbit resonances, which is critical for the Milankovitch theory of the paleoclimates of the Earth and Mars (Berger et al. 1984 , Ward et al. 1979 . The secular frequencies of the inner Solar System are not fixed during the Solar System history but are sweeping large portions of the phase space, which should also be of importance for the secular evolution of the minor planets related to the inner planet secular frequencies (Williams and Hierath 1987) .
The picture of the dynamics of the Solar System which is given here is very different from the regular quasiperiodic motion described by Laplace and Lagrange 200 years ago. It is much more complicated and several points which are still under investigation will be presented in a forthcoming paper: The large chaotic region around the secular frequencies related to Mars and the Earth suggests that this region is not restricted to the chaotic layer around a separatrix but that we are in the presence of resonance overlap and that there is a possibility of transition from one resonance to another. Besides, I mentioned that the libration frequency 8 is also in resonance with the circulation of the argument related to g3 -g4. This resonance is similar to the second-order resonance reported by Tite-more and Wisdom (1989) in the possible evolution of the Uranian satellites or by Milani et al. (1989) 
